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1 Introduction 


A usual way to construct quantum field theory is as follows (see, for example, [1]). First of 
all, one considers the classical held theory instead of the quantum one. In order to make 
the classical theory to be manifestly covariant, one uses the Lagrangian approach instead of 
Hamiltonian. Then one rewrites a manifestly covariant Lagrangian theory to the Hamiltonian 
language and postulates the ’’rules” of canonical quantization. Qunatum held models with 
interaction are usually not exactly solvable; therefore, they are investigated with the help of 
formal perturbation theory. Analogously to quantum mechanical case, one constructs a formal 
perturbation series for the S-matrix expressed via the T-exponent and for the Green functions, 
a parameter of expansion is coupling constant. 

An alternative way to construct quantum held theory is to use the functional integral ap¬ 
proach [2]: quantum held Green functions are written via the functional integrals (of exponent 
of the classical action) analogously to quantum mechanics [3]. This approach is formally man¬ 
ifestly covariant. However, one should take into account that the non-perturbative dehnition 
of a functional interal is not rigorous. 

Making use of the calculated Green functions, one can reconstruct all objects of the theory 
with the help of Whightmann reconstruction theorem [4, 5]. The problem is that for this 
purpose it is necessary to know the exact non-perturbative Green functions. 

The main difficulty of quantum held theory is the problem of divergences. They arise 
in the functional integral approach, as well as in the T-exponent technique. To eliminate 
the divergences, one should hrst introduce the regularization. It may be manifestly covariant 
(Pauli-Willars, dimensional) or non-covariant (ultraviolet cutoh, dimensional). Then one should 
perform the renormalization. Gounterterms are added to the Lagrangian in order to make the 
Green functions hnite. When the non-covariant regularization is used, one should explicitly 
check Poincare invariance. For theories with symmetries, it is also necessary to check them in 
the renormalizaed theory. 

Another group of approaches to construct quantum held perturbation theory is based on 
the axiomatic approaches [4, 5, 6, 7, 8, 9, 10]. One hrst formulates the axioms for the Green 
functions and related objects. This allows to construct the renormalized theory without renor¬ 
malization. Examples of axiomatic theories are Bogoliubov S-matrix theory [7] with switch¬ 
ing on the interaction, Schwinger source theory [10], Lehmann-Symanzik-Zimmermann (LSZ) 
approach [9] and S-matrix approach of Bogoliubov, Medvedev and Polivanov [7, 8] which is 
equivalent to LSZ approach. 

Making use of the Bogoliubov S-matrix theory, one can obtain the renormalized perturbation 
theory. One uses the most general properties: Poincare covariance, unitarity and causality. 
However, there is a non-uniqueness in axiomatic perturbation theory: each order of the S- 
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matrix is found up to a quasilocal operator. 

There are also non-perturbative appproaches to quantum field theory. One of them is a 
semiclassical approximation. Examples of semiclassical results are soliton quantization and 
instantons [11, 12], quantum held theory in the external background [13] and curved space- 
time [14]. Semiclassical theory was developed, making use of the Hamiltonian and functional 
integral approaches. 

The purpose of this paper is to clarify the relationship between Hamiltonian and axiomatic 
held theories in the semiclassical approach. The semiclassical perturbation theory is con¬ 
structed, making use of the axiomatiic conceptions. 

Section 2 deals with general properties of the semiclassical states of the quantum held 
system. The semiclassical analogs of the QFT axioms are formulated. They should be satished 
for Hamiltonian and axiomatic approaches. 

Section 3 is devoted to the manifestly covariant approach to the quantum held theory. 
Semiclassical states are related to Schwinger sources, while semiclassical action and helds are 
expressed via LSZ R-functions. 

The leading order of semiclassical expansion is developed in section 4. Semiclassical per¬ 
turbation theory is developed in section 5. Sections 6 and 7 are devoted to semiclassical gauge 
theories. 


2 General Structure of Semiclassical Perturbation Field 
Theory 

2.1 Semiclassical States 

A usual way to develop semiclassical held theory (QFT in the external background) is as follows. 
The held (p is presented as a sum of ’’classical”, c-number part and fuctuation, ’’quantum” part, 
which is small with respect to the classical one. Action is expanded into a series in powers of 
quantum huctuation. In the leading order the quadratic part of action only is taken to account. 

Semiclassical methods can be applied ih the Lagrangian of the theory C depends on the small 
parameter h (’’Planck constant”) as follows (the scalar case is considered for the simplictiy): 

C = ^d^(pdf^ip-^V{Vhp>). ( 2 . 1 ) 

with ^(4*) being a scalar potential. The classical c-number component is of the order l/y/h. 
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In terms of quantum states and equation of motion, this semiclassical method can be refor¬ 
mulated as follows. The following time-dependent state vector [15, 16] is considered: 

T(t) ~ gis(t)g^/dx[n(x,q^(x)-$(x,q*(x)]^2.2) 

Here S{t) is a real c-number hnction of t, ‘h(x, t) and n(x, t) are classical helds and canonucally 
conjugated momenta, 0(x) and 7r(x) are quantum held and momentum operators, f(t) is a 
regular as h —0 state vector. Substitute vector (2.2) to Schrodinder equation for the theory 
(2.1). One obtains in the leading order classical equations of motion for n(x, t), ‘h(x, t), formula 
for classical action for S(t) and equation with quadratic Hamiltonian for f(t). This is in 
agreement with method of extracting a c-number component of the held. 

In terms of the semiclassical Maslov theory [17, 18, 19], state (2.2) corresponds to the Maslov 
complex germ in a point. There is also a theory of Lagrangian manifolds with complex germs. 
It can be also generalized to quantum held case. One considers superpositions of states (2.2) 
120 ]: 

t(t) ~ const f (2.3) 

where a is an additional /c-dimensional parameter. 

Semiclassical states (2.3) cannot be considered within the framework of extracting the c- 
number component. On the other hand, such semiclassical states are very important. When 
systems with integrals of motion are considered, it is necessary to construct the state satisfying 
additional conditions. For example, when one quantize kink solution [11], quantum state should 
be an eigenstate of energy and momentum operators. Projection on the eigenspace of the 
momentum operator leads to the superposition (2.3). When one uses the simpler semiclassical 
methods and investigates states of the form (2.2) only, one comes to the well-known difficulty 
of soliton zero modes [11]. 

Semiclassical state vectors (2.2) and (2.3) possesses the following geometric interpretation 
[21]. denote the set of classical variables (S', n(x, <h(x)) as X, the operator that maps vector / 
to the state (2.2) is denoted as Kx (’’the canonical operator”): 

K^f = dx[n(x)^(x)-$(x)*(x)] j, ^2.4) 

Then the semiclassical state (2.4) can be viewed as a point on the space of a vector bundle 
(’’semiclassical bundle”). The base of the bundle is set {X} of classical states, fibres {/} are 
state spaces in the external background X. States of the more general form (2.5) are written 
as 

y daX^(„)/(a), a = (2.5) 
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they can be identified with /c-dimensional surfaces on the semiclassical bundle. 

Presentation of semiclassical form in the form (2.4) is not manifestly covariant. There are 
space and time coordinates. It happens that the manifestly covariant form of the state (2.4) is 
the following: 

T ~ e^^Texp{-^ J dxJ{x)ph{x)}J = (2.6) 

Here S' is a real number, J{x) is a real function (classical Schwinger source), (ph{x) is a Heisen¬ 
berg field operator, / is a state vector being regular as h —0. The Schwinger source J{x) 
should be rapidly damping at space and time infinity. 

One can find that state (2.6) approximately coincides as h —0 with (2.2), and find a 
correspondence between (S', H, $, /) and (S', J, /). 

In the covariant approach, the base of the semiclassical bundle is a set of {X = (S', J)}, the 
operator Kx has the form e^^Tj. Superpositions of states (2.6) are written as (2.5). 

2.2 Properties of semiclassical states 

The main principles of the axiomatic quantum field theory are [4] Poincare invariance, unitarity 
and causality. The general structures are introduced: the quantum Poincare transformation 
operator Ug corresponding to the classical Poincare transformation g = [a, A) of the form 
x'p. — + a^. The group property should be satisfied: 

Mb. Pr) 

The Heisenberg field operator 0h{x) should satisfy the property of Poincare invariance: 

Ug-i0h{,x)Ug = 0h{wgx), WgX = K~^{x-a) (2.8) 

Formula (2.8) is written for the scalar case; for the more complicated cases it should be modified. 
Analogous structures should arise for the semiclassical case as well. 

The following commutation relations between quantum field operators and canonical oper¬ 
ator Kx are satisfied: 

Upi'kf = Kl^xU,(u,X ^ X)f-, 

VhMx)K']cf = ' ■ ’ 

Here UgX is a Poincare transformation of the classical state, U_g{ugX ^ X) is an unitary oper¬ 
ator taking initial state in the external background X to final state in the external background 
UgX. The operator U_g{ugX ^ X) is supposed to be expanded into an asymptotic series in 
y/h. Therefore, in the semiclassical theory the Poincare group is an automorphism group of 
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the semiclassical bundle. Semiclassical field $(a;|X) (distribution) is also viewed as a formal 
asymptotic series in y/h. In the leading order, it has a c-number form <h(a;|X) (it is a classical 
field): 

$(a;|X) = <I>(a;|X) + Vh^^^\x\X) + ... (2.10) 

It follows from the group property (2.7) and commutation relation (2.9) that 

^9192 ^91^92? 19 1 1 I 

^ -’f) = ^ n„X) = U,.Su^X ^ Jf); '• ' > 

Making use of (2.8), one finds: 

^{x\UgX)Ug{UgX ^X) = UgiUgX ^ X)^{WgX\X). (2.12) 

There are also the following additional structures of semiclassical field theory. To calculate 
the norm of the semiclassical state, one should evaluate the integral of the form: 

J (2.13) 

If the difference between classical configurations X{a) and X{a') is of the order 0(1) as h ^ 
0, the inner prodnct is exponentially small. This means that the 

state vectors corresponding to different classical configurations are orthogonal with exponential 
accnracy. Therefore, the integrand in (2.13) is not exponentially small for the caase of small 
a — a' only; more preciesely, for a — a' '/h. 

Therefore, it is necessary to expand the states Kx+hsxf into series in \/h 

as h —0. It happens that in the leading order in h 

I<x+Mxf (2.14) 

expression uJx[5X] is an action 1-form on classical phase space. If we consider the case uix[5X] = 
0, the shift of classical variable of the order \/h leads to the relation 

Al+v/ljx/- ^4SX]^0 (2.15) 

with an operator-valned 1-form Ux^SX]. 

To write down all the orders of the expansion in v^, it is convenient to start from the 
commntation rule between differentiation operator and canonical operator: 

(9 f)X 
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Making use of formula (2.16), one introduces to the semiclassical mechanics a new structure, 
operator-valued 1-form [(5X]. It maps a tangent vector SX for the base of the semiclassical 
bundle to the operator [5X]. It is expanded into an asymptotic series in y/h. In the leading 
order, it is a c-number: 

Ux[SX] = uJx[SX] + y/hJ^\6X] + ... (2.17) 

Rules (2.14) and (2.15) are obtained as follows [22]. One expands the operator ^xia+v^fS) 
y/h as 

(2.18) 

then one differentiates the relation (2.18) with respect to j3a and obtains an equation for I4. 
Its solution gives a relation (2.15). 

Consider the substitution a' = a + y/hjS for eq. (2.13). According to eqs.(2.14) and (2.15), 
the integrand will be rapidly oscillating, except for the case of the Maslov isotropic condition: 

^X{a)[-Q^] — 0. (2-19) 


The superposition (2.5) can be investigated under condition (2.19) only. Otherwise, the expo¬ 
nentially small norm of the state (2.5) will be larger than the accuracy. 

Investigate the properties of the new object w. 

First, notice that for multidimensional a = (ai,..., a^) it is possible to write [ih-^, *^777] ~ 
0; commuting this relation with the canonical operator Kx, one hnds: 


.dX^ 

.^x^ 


■ d 

dX 

d 

dX' 

r'“'baj 

-0 

3 

= —ih 

[sqA*'"'' 

^dai) 


^daa[ 


or, in terms of differential forms. 


Ux[5X^Iux[ 5X2]] = -ihdux{5X^,5X2). 


( 2 . 21 ) 


Furthermore, it follows from the properties 

that 

U,{u,X ^ ^ X) + ^ X); 

f)X 

4(x|A');m.vI^1^ ■ 

Relation (2.22) is useful for investigating the properties of the evolution operator. 


ih^Mx\X) = 

dan 


( 2 . 22 ) 

(2.23) 
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2.3 Equivalence of semiclassical states 

A remarkable feature of the covariant approach to the semiclassical held theory is the following. 
Starting from the classical Schwinger source J, one uniquely reconstructs classical held and 
momenta entering to eq.(2.4). On the other hand, this correspondence is not one-to-one. Two 
diherent sources may correspond to the same conhguration (n(x), <h(x)). Therefore, there is 
an equivalence relation on the classical space (base of the semiclassical bundle). Moreover, it 
happens that for each pair of equivalent classical states Xi ~ X 2 semiclassical states 

A'JJ, =; A'JJ^ (2.24) 

approximately coincide under a certain condition between and f 2 '- 

I 2 = nx2 ^ Xi)7i. 

Here V_{X 2 ^ Xi) is an unitary operator. Thus, an equivalence relation arises on the semiclas¬ 
sical bundle. 

Investigate the properties of the operator V_{X 2 ^ Xi). Notice that the following relation 

E(X3 ^ Xi) = Z(X3 ^ X2)E(X2 ^ Xi) (2.25) 


is satisifed. It follows from the properties 

M,'‘A-J Ji ^ u;;k\ 7,-, Vh0,(x)K'iJ, ~ VhMx)K\J^ 

that 

H(u,X2 ^ UgX^)U^{u,X^ ^ Xi) = Ug{ugX2 ^ X2)H(X2 ^ Xi). 
M^x\X2)V{X2 ^ Xi) = V{X2 ^ Xi)$(a;|Xi). 

Finally, let (Xi, fi) and (X 2 , f^) depend on the parameter a. Then one writes 


d 


d 


Therefore, 


as Xi(q;) ~ X 2 (q;). 


dan ^ dan ^ 


HX 2 - XO^xJl^] = 

^x.[&]E(X 2 ^ Xi) + th£-V{X2 - Xi) 


(2.26) 

(2.27) 


(2.28) 
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2.4 System of axioms of the semiclassical field theory 

Thus, all the problems of semiclassical field theory can be solved within the perturbation 
framework under certain conditions (axioms). They should be satished for both Hamiltonian 
and covariant approaches. They will be denoted as Gl, G2, G3, G4, G5. 

Gl. A semiclassical bundle is given. Space of the bundle is set of all semiclassical states. 
The base X = {X} is set of classical states X, fibres Tx are Hilbert spaces of quantum states 
in the external background X. 

G2. The Poincare group is presented as a group of automorphisms of the semiclassical 
bundle. Classical transformations Ug : X ^ X and unitary operators ILgiugX ^ X) ■. Tx —^ 
Tu,x expanded in \/h are given. The properties (2.11) are satisfied. 

G3. An operator-valued 1- w on the semiclassical bundle is given. It maps tangent vector 
6X to Hermitian operator Ux[6X]. It is expanded in \/h according to eg. (2.17) (uJx[dX] is a 
c-number) and satisfied properties (2.20) and (2.22). 

G4. An equivalence relation may be introduced on the semiclassical bundle. For each pair 
Xi ~ X 2 of equivalent points of the base an unitary opertator V_{X 2 ^ Xi) is given. It is 
expanded in \/h. Relations (2.25), (2.26) and (2.28) are satisfied. 

G5. An operator-valued distribution ^{x\X) (’’semiclassical field”) is given. It is expanded 
in Vh (eg.(2.10), <h(a;|X) is a c-number) and satisfies the relations (2.12), (2.23) and (2.27). 


3 Specific features of the covariant approach to the semi¬ 
classical field theory 

3.1 Objects of the semiclassical theory and LSZ R-functions 

Let us investigate the objects of the covariant formulations of semiclassical held theory. 

Semiclassical states in the covariant approach are presented in a form (2.6). Therefore, the 
base of the semiclassical bundle consists of the classical states X = {S', J}, while all the spaces 
Tx coincide. 

It follows from eq.(2.8) that 

where UgJ{x) = J{wgx), Wg has the form (2.8). Therefore, transformation Ug is known explicitly, 
satisfy property Ug^g^ = Ug^Ug^, the operator U_g{ugX ^ X) = U_g = Ug does not depend on X 
and satishes the group property and held covariance relation: 

—9192 ~ .^51—32’ 


Ug-l<Ph{x)Ug = <Ph{WgX). 


(3.1) 



It happens that in the covariant approach the l-form w is related to another important 
object, the LSZ R-function [9, 4] of the form 

^ (3.2) 

To check this statement, notice that the differentiation (or variation) operator commutes with 
the operator j = e^^Tj as 

ihSK^ j = K^J-SS - I dx±R{x\J)6J{x)]] 

therefore, 

Ux[5X] = -6S - jdx^R{x\J)5J{x), (3.3) 

Here J) and w, are expanded in \/h] one writes 

$^(a;| J) = 4>R(a;| J) + ^^^^\x\J) + ... (3.4) 


The c-number function ^r{x\J) is called as a retarded classical field generated by the Schwinger 
source J. 

It is shown in [23] that for the model (2.1) ^ji{x\J) is a solution of the equation 

a^ff‘iS>n{x\J) + V'(iS>n(.x\J)) = J{x), 4>kL<..„j = 0. (3.5) 


which vanishes as — cx). 

The following properties of LSZ R-functions are well-known [9, 4]. They are corollaries of 
(3.2). 

1. The Hermitian property 

$J(a;|J) = $^(a;|J). (3.6) 

2. The Poincare invariance property 

LLg-i±R{x\UgJ)Ug = ±R{WgX\j). (3.7) 


3. The Bogoliubov causality property: R-function $^(a;| J) depends only on the source J at 
the preceeding time moments. Making use of the standard notations x > y \S. x^ — y^ > |x —y|, 
X < y \S. x^ — y^ < |x — y|,a;~|/iff|a;° — |/°| < |x — y|, one rewrites the Bogoliubov condition 
as 


5J{y) 


0 , 


> 

y X. 

r\j 


(3.8) 
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4. Commutation relation 




—ih 


( S^r{x\J) 

\ S-Hv) 


sJmW] 

SJ{x) j ' 


(3.9) 


5. Boundary condition at —oo. If for all y G suppJ, the LSZ R-functiion does not 
depend on the source: 

^ ^ (3.10) 


= 0h{.x)^/h, X suppJ. 


In particular, the classical retarded held vanishes as —>■ —cx). 

The semiclassical held operator $(a;| J) can be also expressed via the R-function. Namely, 
at +CX) the following property is satished: 






X suppJ. 


(3.11) 


In particular, the classical held J) corresponding to the source J coincide with the classical 
retarded held ^r{x\J) at x^suppJ. The case when the property x^suppJ is not satished is 
considered below. 


3.2 Equivalence of semiclassical states 

Investigate the property of equivalence of semiclassical states. It is convenoent to consider hrst 
the partial case when the semiclassical state is equivalent to the state J = 0. We say that 
J ~ 0 ih 

Tj“7 ~ eP^WjJ (3.12) 

for some number Ij and operator W j presented as a formal asymptotic series. 

It is shown in [23] for the model (2.1) that the source J is equivalent to zero ih the retarded 
held generated by J vanishes at +cx). 

Analogously to [23], one derives the following properties. 

1. Poincare invariance. 


UgWjUo-^ = ^U,J, Iu,J = /j; (3.13) 

2 . Unitarity 

m = ( 3 . 14 ) 

3. Bogoliubov causality: as J + AJ 2 ~ 0, J + AJi + AJ 2 ~ 0 and suppAJ 2 ^suppAJi the 
operator ( 1 Rj+aj 2 )’^ 1 Ej+aji+aj 2 and number -/j+aj 2 +^j+aji+aj 2 do not depend on AJ 2 . 
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4. Variational property: 


51 j - ihW.]5^j = J dx^R{x\J)6J{x), (3.15) 

which is valid as J ~ 0 and J + (5J ~ 0. 

5. Boundary condition at +cx): 

^r{x\J) = W_j0{x)VhW_j, x^ suppJ. (3.16) 

It follows from (3.16) that the retarded classical field generated by the source J ~ 0 will 
vanish at +cx). For the model (2.1), an inverse statement is also valid: for any field configuration 
<Fc(a;) with the compact support one can uniquely choose a source J ~ 0 (denoted as J = = 

J(a;|<Fc); for example (2.1), it is found from the relation (3.5)) generating <Fc(a^) as a retarded 
classical field: <hc(a^) = *hij(a;|J); it satisfies the locality condition = Q asx^y. 

It is possible to treat this statement as a basic postulate of semiclassical held theory. Then 
the theory may be developed without additional postulating classical stationary action principle 
and canonical commutation relation. 

Namely, it follows from eq.(3.15) in the leading order in h that the functional 


J'l'tcl = Ijt, - jdxJf^{x)tc(x) 


(3.17) 


satishes the ’’classical equation of motion” 


Jq>(x) = 




5^c{x) 

The functional /[<F] should satisfy the locality condition 

5^1 


5^c{x)6^c{y) 


= 0. X jtz y 


(3.18) 


(3.19) 


This means that it is presented as an integral of a local Lagrangian. 

Relation (3.18) allows us to reconstruct the classical retarded held, making use of known 
source J ~ 0, since the boundary condition at —oo is known. It follows from the Bogoliubov 
causality condition that the retarded held depends only on J at the preceeding time moments. 
If the sourse J{x) is not equivalent to zero, it can be modihed at +cx) and transformed to the 
sourse equivalent to zero. Therefore, the relation 

61 

T;^[‘^i?('|'^)] = “-^(a^); ^r\x<suppJ = 0 (3.20) 
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is valid for all sourses J. For the case x^suppJ, the property (3.20) is taken to the classical 
held equation 

This is a classical stationary action principle. It is viewed a coroollory of other general principles 
of semiclassical held theory. 

Thus, we see that classical action /[$£] in held theory is related with the phase of the state 
TjJ as J 0 according to eq.(3.17). 

Let us rewrite the properties of the operator W j via the held <hc- Denote IF[<hc] = 

1. Poincare invariance. 

UgW[^c]Ug-^ =W[U9^c]. (3.22) 

2. Unitarity. 

iD+[<Fe] = (lD[<^>c])“'. (3.23) 

3. Bogoliubov causality. 


5 

<^'^’c(l/) 



(5<Fc(a:) / 


0 , 


> 

y X] 

rsj 


(3.24) 


4. Yang-Feldman relation. 


I 6^cix)6^ciy) 


[$^(|/|J)-<I>,(|/|J)] 


ihW+[^c] 


swm 

6^c{x) ' 


(3.25) 


5. Boundary condition. 


W'^[^c]^hix)VhW[^c] =^r{x\J^J, supple, 

r\j 


(3.26) 


Here (ph{x) = $/{(a;|0) is the held operator without source. 


3.3 Set of axioms of covariant semiclassical field theory 

The covariant axioms of semiclassical held theory are as follows. 

Cl. A Hilbert state space T is given. 

C2. An unitary represatation of the Poincare group is given. The operators of the repre¬ 
sentation ILg ^ ■P are asymptoitc series in y/h. 

C3. To each classical source J{x) with compact support one assignes a retarded field (LSZ 
R-function). It is an operator-valued distribution $R(a;| J) expanded in y/h according to (S.f). 
It satisfies the properties (3.6), (3.7), (3.8), (3.9). 
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C4. To each classical field configuration $c(a^) with compact support one assigns a c-number. 
It is a classical action /[^c] satisfying the locality condition (3.19). The property $c(a^) = 
is valid iff 


J{x) 


d^cix)' 


(3.27) 


C5. To each classical field configuration with compact support one assigns the operator 
expanded in y/h. It satisfies the relations (3.22), (3.23), (3.24), (3.25), (3.26). 


4 Leading order of semiclassical expansion: scalar field 


4.1 Leading order for semiclassical axioms 


Consider the simplest scalar field model with action 





V{^c) 


satisfying the locality condition (3.19). For this model, the classical retarded field is a solution 
of the Cauchy problem (3.5). Denote by Ug the operator lJ_g in the leading order of perturbation 
theory, while <h^^(a;| J) will be the first correction. Denota also (po{x) = <F^^(a;|0), let fFo[‘hc] 
be a scattering operator in the external background lF[‘hc] in the leading order in \/li\ 


_Ug-Ug, IF[$,] ~fFo[$e], 

^r{x\J) ~ <hR(a;|J) + Vh^^R\x\J), 0o{x) = <l>ij^(a;|0). 


Write down postulate C2 and properties (3.6), (3.7), (3.8) of postulate C3 in the leading order 
in ^/h: 


Ktil J))+ = T^ = o. y>- 


(4.1) 


Commutation relation (3.9) has the following form in the leading order in y/h-. 




1, 5.J(y) 5J{x) J 


(4.2) 


The right-hand side of relation (4.1) is presented via the retarded Green function D^^^(x, yjJ) 
of equation 

(d^d^ + W'($^(a;| J)))(54>(a;) = SJ(x), = 0 (4.3) 
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as follows: 


(4.4) 

Postulate G5 has the following form in the leading order in \/h: 



UgWo[^,]Ug-. = Wo[ug^cl W+[4>,] = (lKo[4>c])-', 

(4.5) 


+ V"'(4„(i| J)))4»>(i| J»,) = 0; 

(4.6) 


t/iGla*.) = Hy|4J'^o(a:)W'o[4J, X suppte- 

(4.7) 


If the objects Ug, <h^^(a;|J), hh’ol'^c] satisfying eqs. (4.1), (4.4), (4.5), (4.6), (4.7) are specified 
we will say that the leading order of semiclassical held theory is constructed. 

4.2 Free case 

Consider the case of free held theory: C(<hc) = ^2 ■ According to eq. (3.5), the semiclassical 
retarded held is 

^r{x\J) = j Dl^\x,y)J{y)dy, 

where DQ^^{x,y) = Dq^^{x — y) is a. retarded Green function for the Klein-Gordon equation. 
The operator $^^(a;|J) satishes equation (4.6) 

+ m^)<h^^(a;| J) = 0. (4.8) 

It follows from the Bogoliubov causality condition that <h^^(a;| J) does not depend on J{y) as 
y^x. Since the solution of Klein-Gordon equation (4.8) is uniquely expressed via the initial 
conditions at — 00 , the causality property implies that <h^^(a;| J) does not depend on J: 

The held ^o{x) can be identihed with quantum free held. It satishes the Klein-Gordon equation 
and commutation relation (4.4): 

+ m^)^o{x) = 0, (x) = ^o{x), , . 

[0o{.x),0o{y)] = -i{Dl^\x,y) - Dl^\y,x)). ^ ' 
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It is remarkable that the commutation relations of free field theory are obtained axiomatically, 
withont using any postulates of canonical qnantization. 

It is well-known that it is possible to construct non-equivalent representations of the canoni¬ 
cal commutation relation [4, 24], However, if we snppose in addition that there exists a vacnnm 
state vector invariant nnder Poincare transformations, the representation of commutation re¬ 
lations (4.9) will be hxed. should be a free scalar held of the mass m. It is presented via 
creation and annihilation operators of scalar particles with momentnm p as [1, 25] 

^O(^) = (4.10) 

Here d is a nnmber of space dimensions, cUp = 

The properties of the Poincare transformation operator Ug are taken to the form 

^9192 ^ 91^921 Ug-l(pQ{X^Ug (Pq{W gX') . (d.H) 

Therefore, the operator Ug coincides with Poincare transformation in the free held theory. 
Finally, property (4.7) for the scattering operator is taken to the form: 

This means that the operator IFo is a c-nnmber The real fnnctional 7 [‘hc] should be 

Poincare invariant and satisfy the locality property = 0. This arbitrariness is related 

with the possibility of adding a one-loop correction to the free theory Lagrangian. 

Since the renormalization is not necessary, one can set 7 = 0. Then 

W"o[<^>c] = 1. 

For the free case, the pertubation series for the objects of semiclassical theory contains the 
hnite number of terms: 

= ! Dl^\x,y)J{y)dy + Vh^Q{x)- 
Ug = Ug, IF[$,] = 1 

4.3 Retarded semiclassical field of the interaction theory 

Let us investigate the general case, the theory with the potential V (‘he)- As J = 0 and <hc = 0, 
the properties (4.1), (4.4), (4.5), (4.6) and (4.7) coincided with the free case for the sqnare mass 
= H"(0). Therefore, 

$«(a;|0) = ^o(a^), H^[0] = 1, 
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while the leading order of Poincare transformations Ug coincide with free case. 

Let <hc 7 ^ 0. Denote 

v{x) = V"{^c{x)) - rri^, J$J. 

Then eq.(4.6) and boundary condition for the field ^v{x) will be written as 

((9^(9^^ + + v{x))^^{x) = 0, = (po{x). (4.12) 

Relation (4.12) specifies the field <l>^^(a;|J) as J rsj 0 uniquely. Making use of the Bogoliubov 
causality property, one extends this definition to the arbitrary case. Properties (4.1) of the field 
J) are corrolaries of the construction. 

Commutation relation (4.4) to be checked can be rewritten as 

[pv{x), ^v{y)] = -D^{x, y), D^{x, y) = Dl^\x, y) - Df^{x, y), (4.13) 

% 

where Dl^^{x,y) and Dl^'^{x,y) = Dl^^{y,x) are retarded and advanced Green functions for 
eq.(4.12). They satisfy the relation 

+ v{x))Dl^^’^^^{x, y) = 5{x - y), 

moreover, the function D''^^*'{x,y) vanishes as x^y, while D^'^^{x,y) vanishes as x^y. 

To check commutation relation (4.13), consider the difference 

Cv{x,y) = [(f^{x),(f^{y)] - -D^{x,y). 

% 

It satisfies eq. (4.12) with respect to x and y. 

[dld^ + m^ + v{x)]C^{x, y) = 0, [dld^ + + v{y)]C^{x, y) = 0. 

It vanishes as x,y < suppv, since in this domain coincides with the free field, po- Therefore, 
Cy{x,y) = 0, and property (4.13) is checked. 

4.4 Asymptotic condition, Relations for scattering operator 

Since v{x) is a function with compact support, for the domains x^suppv and x^suppv eq.(4.12) 
coincides with free field equation. Therefore, fields ipv(x) as x^suppv and as x"^suppv coincide 
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with asymptotic out- and in-free fields and (pin{x) = (po{x). Asymptotic fields satisfy 

Klein-Gordon equations. 

To represent field via the asymptotic in-field, notice that the difference satisfy the 

following equation: 

+m^ + v{x)){(py{x) - 0in{x)) = -v{x)(pin{x)) 

It vanishes as x^suppv, therefore, 


{0v{x) - 0in{x)) = - j dyDl^\x, y)v{y)^in{y)). (4.14) 

This formula can be presentes in another form. Consider one more equation for the difference: 

{d^d^ + m^){<py{x) - <pin{x)) = -v{x)^y{x)). 

It implies that 

{^v{x) - (pin{x)) = - J dyDl^\x, y)v{y)^^{y)). (4.15) 

It is convenient to write formulas (4.14) and (4.15) in a symbolic form: 

ip^ = {l- Dl^^v)(pin, (pin = (1 + Dlp^v)(p^. (4.16) 

Here is the operator with kernel Dl^^{x,y), v is the operator of multiplication by v{x). It 
follows from (4.16) that the operators (1 — and (1 -|- are inverse, i.e. 

= (1 + (4.17) 

Analogs of the formulas (4.16) for asymptotic out-helds are 

P>n = {l- Df^v)0out, (pout = (1 + (4.18) 

Property (4.7) can be written for the unitary operator ITo[*^c] = hho{n}: 

= ny{K}^,an{'t>}. (4.19) 


We see that the operator Wq{v} is an S-matrix for quantum field theory in the external back¬ 
ground v{x). Let us take eq.(4.19) to the more general form. 

Free fields (plnti^) <Pin{x) are expanded to positive- and negative-frequency parts: 


^ in,out 








(4.20) 
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It follows from eqs.(4.16) and (4.18) that the held (pout{x) is a linear combination of (pin{x). 
Therefore, the dependence of creation and annihilation operators for out-particles of is 
also linear: 

= «p + / dk(ApkOj^ + ^pkOk), .. ^ 

K=%+Idk{Al^a^+B;^at), 

or in symbolic form 

b~^ = a~^ + Aa~^ + Ba~, b~ = a~ + A*a~ + B*a~^, (4.22) 

where A,B,A*,B* are operators with kernels Apk, i^pk, ^pk) -^pk correspondingly. 

Relation (4.19) can be viewed as a transformation of operators and b^ that conserves the 
canonical commutation relations. According to the Berezin theorem [25], a canonical transfor¬ 
mation is unitary iff the function Rpk is square integrable. 

Find an explicit form of the function Rpk and show that the Berezin condition is satished. 
It follows from (4.16) and (4.18) that 

0out - 0in = [(1 + T>o‘^’'n)(l - Dl^^v) - l]ifin = “(1 -f v)D^Vipin- 

In particular, for the case x^suppv we write: 

^outix) = (fin(x) - J D^{x,y)v{y)(pin{y)dy. 

The operator 6+ can be expressed via ipout and present as an integral over surface x^ = oust as 
X > suppv: 

K = {^out{x) - ^^^out{x)] = 

< - |l - :;;V| D^{x,y)v{y)^in{y). 

Therefore, we hnd Rpk^ 

X |l - j Dv{x, y)v{y) 

I J 

This function rapidly damps at inhnity as a Fourier transform of a smooth function with 
compact support. Therefore, the Berezin condition is satished, so that an unitary operator 
Wq{v} is dehned from (4.19) up to a c-number multiplier. 

To check the properties (4.5) and construct the semiclassical theory, one should develop the 
calculus of normal symbols. 
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4.5 Calculus of normal symbols. Propagator 


A calculus of normal symbols is often used in quantum field theory [6, 8]. The physical quantities 
are presented as a series in normal products of the helds. They multiplies according to the Wick 
theorem. 

If there is an external background, the normal products can be dehned in different ways. 
The simplest way is the following: one expresses the held via the free in-held at — cx), expands 
it into parts with creation and with annihilation operators and puts the creation operators 
to the left and annihilation operators to the right. 

However, in order to make the semiclassical perturbation theory to be analogous to usual 
Feynman theory, it is more convenient to express held via negative-frequency component of 
in-held and positive-frequency component of out-held <ptut] then one puts the operators b'^ 

to the left and a~ to the right. 

Under this dehnition, the average value of normal product of operators with respect to in 
and out vacuums will be nonzero. However, the matrix element between vacuums 


will vanish: 


< 0, ouf|A|0, in > < 0|Ho{u}A|0 > 

<0,out\0,in> < 0|Ho{u}|0 > ’ 

<: (py{xi)...(p^{xk) :>= 0 . 


(4.23) 


4.5.1 Expansion of the field 

Express the operator py via and ptut- If there are no external helds, one has py = pin + ^tut- 
Therefore, one should look the expansion in the form 

+ 0tut + ^0- 

The held Ap satishes the follwing equation: 

{d^d^ + m^ + v(x))Ap(x) = -v{x){p-^{x) + ptyti^)) 

and boundary condition at —oo and -|-cx): 

Ap{x) = pty,{x) - ptutix), x^suppv, 

Ap{x) = Poutix) - Pinix), X0suppv. 

Therefore, held Ap{x) contains only negative-frequency part at -|-cx) and positive-frequency at 
—CX). These boundary conditions are called Feynman. By D'^{x,y) we denote the causal Green 
function of equation (4.12) (or propagator). It satishes the relation 

+ m'^ + v{x))Dl{x, y) = 5{x - y) 
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and Feynman boundary conditions. Therefore, 


= - J dyD^^{x,y)v{y){^i^{y) + 

or in symbolic form 

0^ = (1 +(^+J. 

Analogously to formula (4.14), one can write eq.(4.24) as 

0V = {1- D^v)-\0-^ + (^+J. 


(4.24) 

(4.25) 


Therefore, 

£>; = Z)S(l + «B5)-‘. (4.26) 

Let us show that there exists a Green function that satishes the Feynman boundary conditions. 


4.5.2 Existence of propagator 

Consider the problem of hnding the function / satisfying the Feynman boundary condition and 
equation 

+ 771^+ v{x))f{x) = g{x), (4.27) 

with hxed right-hand side g{x) with compact support. Consider the difference f = f — D0^^g 
satisfying equation 

((9^(9^ + m^ + v{x))f{x) = 0. 

Therefore, the function / can be expressed as 


fix) 

fix) 


1 


(27r)‘i/2 


dp 


(27^72 / / 2 ^ 


^ gi(i^pX°-px) ^^gi(i^pX°-px) 


^pgh‘^pa:°-px) 


x)^suppv, 

x^suppv, 


with coefficient functions Op, (3p, Op, 0^. Analogously to derivation of formula (4.22), we hnd 
the following relations: 


P = a + Aa + Ba, P = a + A"a -|- B*a. (4.28) 

The function D^'^^g is given. Write it expansion into frequency components as x^suppv and 
x^suppg: 


fix) 


1 

( 2 ^^ 


dp 


^*gi(i^pxO-px) _|_ ^^gi((^pxO-px) 
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The boundary conditions for / will be satisfied iff 

/3p T yp 0, ttp 0. 

It follows from ( 4 . 28 ) that a = —(1 + therefore, the solution of the problem ( 4 . 27 ) 

and Green function for this problem are uniquely specihed. The operator (1 + A*) is invertible 
because of general properties of linear canonical transformations [ 25 ]. 

4.5.3 Normal form of the product of operators 

Analogously to the free case, the product of operators (py{x)(py{y) can be presented in the 
following normal form: 

0y{x)(py{y) =: ipy{x)(py{y) : + < (py{x)(py{y) >, ( 4 . 29 ) 

hear the ’’correlator” of the fields < (py{x)(py{y) > is a c-nnmber fnnction 

< ^y{x)^y{y) >= [(1 + Dlv)-^^-^{x), (1 + Dlv)-^^tut{y)]- (4-30) 

4.5.4 Normal form of T-product 

It is possible to obtain an analogous result for the T-product: 

Tipy{x)ipy{y) = tpy{x)ify{y) - e{y'^ - x^)[0y{x),ify{y)] = 

■ ^v{x)^y{y) : +\Dl{x,y). 


4.5.5 Hermite conjugation 

It is important to note that the normal product : 0y{x)0y{y) : is not a Hermitian operator. 
Namely, find a conjngated operator (: 0y{x)0y{y) :)■*■. Write the relation (4.29) and its conjn- 
gation: 

0y{x)0y{y) =: 0y{x)0y{y) : +\iD^ - Df^){x,y), 

0y{y)0y{x) = (: 0y{x)0y{y) :)+ - \{D^* - Df^){x,y). 

Therefore, 

-Dy{x,y) =: 0y{x)0y{y) : -(: 0y{x)0y{y) -.y + -{D^ + - 2Df'’){x,y). 

i i 


Thus, 


[: 0y{x)0y{y) :)+ =: 0y{x)0y{y) : +\A.y{x,y), 
A _ j~)c I nc* _ TAret _ TAadv 


(4.31) 
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4.5.6 Variation of matrix elements 

Obtain an expression for the derivative of the matrix element (4.23). Let us variate the relation 

< 0|lLo{n}74|0 >=< 0|hLo{n}|0 >< A > 


with respect to v(x). We obtain: 

< > + < 0|M'o4lj|0 >= 

< OIsmIO X ^ > + < 0|H'„|0 >^<A>. 


It is convenient to introduce the following notations: 


p{x\v) 


hi'ipo} 

% 


5W^{v} 

6v{x) 


(4.32) 


(4.33) 


Within the Bogoliubov S-matrix framework, this is a current operator. Under notations (4.33), 
relation (4.32) is taken to the form: 


(5kl (5 

5v{x) 5v{x) 


< A> —i{< p{x\v)A > 


< p{x\v) >< A >). 


(4.34) 


4.6 Investigation of Poincare covariance, unitarity, causality 

Investigate whether the operator Wq{v} specihed from the relation 

Mx)W„{v} = ( 4 . 35 ) 

satisfy the properties of Poincare invariance, unitarity, causality (4.5). Denote 

< 0|lUo{n}|0 >= (4.36) 

The quantity Ai{v} is a one-loop correction to effective action of the theory. Making use of 
4i{n}, one hnds the operator Wo{v} from relation (4.35) uniquely. 

Properties of Poincare invariance, unitarity and causality requires additional conditions on 
the one-loop effective action Ai{v}. Find them. 

The property of Poincare invariance of the operator Wq leads to Poincare invariance of the 
effective action: 

Ai{ugv} = Ai{v}. (4.37) 
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Investigate the unitarity property. It follows from (4.35) that 

[<fout{x), Ih-Q^If^o] = 0, [(pM, W 0 W 0 +] = 0. 

Therefore, the operators WqWq and ITo*'ITo are proportional to unit operator. To check the 
unitarity, it is sufficient to check that 


< 0|ITo+{n}ITo{n}|0 >= 0. 

It is satisfied as n = 0. Therefore, it is sufficient to check that 

5 


(4.38) 


5v{y) 


< 0|ITo+{n}ITo{n}|0 >= 0, 


or in notations (4.33) 

<0|/5(|/|n)|0>= (<0|p(|/|n)|0>)T 
The causality condition can be presented as 


Sp{y\v) 

Sv{x) 


= 0 , 


> 

X y. 


(4.39) 


(4.40) 


To present properties (4.39) and (4.40) as conditions on the one-loop effective action Ai{v}, 
hnd an explicit form of the operator p{y\v). Consider the variation of relation (4.35) with 
respect to v. Take into account that the held (pin{x) = (pq{x) does not depend on n, while 
^^=iWop{y\v). Then 


^o{x)iWo{v}p{y\v) = iWo{v}p{y\v)ipout{x) + Wo{v} 


6v{y)' 


or 


6v{y) 




(4.41) 


Let us obtain from (4.41) formula for commutator between p{y\v) and (pv{x). Use relations 
(4.16) and (4.18): 

0 , = {1 + DS^^n)-V*n(l + 

Variating, one hnds: 

60^ = -(1 -h T)S®U)“^T)(;''‘5n(l -h D^^^v)~^ipin = -Dl^^6vip^, 

5(py = -Df^5v(p^ + (1 + 
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Let us use the property (4.41): 


= -Df'’{x,y)ijj„{y) + i\/p,{x),p(y\v)\. 


(4.42) 


Therefore, the commutator p(|/|u) and held ^v{.x) linearly depnds on the held 

[Pv{x),p{y\v)] = iD^{x, y)^v{y)- (4.43) 

Property (4.43) specihes the operator p(|/|u) up to a multiplier. Under notations (4.23), 

-<oiSl')> sMv} 


< p{y\v) >= 


<o|iUoW|o> Hy) ' 


(4.44) 


Making use of the normal symbol calculus, we hnd the operator p{y\v) satisfying properties 
(4.43) and (4.44): 

Piy\v) = : 0v{y) : (4-45) 

To check the unitarity (4.39), consider the diherence 

p+(l/|n) - p{y\v) = -^A„(|/, y) + - kli{n}). 

The properties Dl'^^{y,y) = 0 and D^‘^'"{y,y) = 0 imply that the function A^{y,y) (4.31) 
coincide with 2ReD‘^{y,y). Therefore, unitarity is satished if 

^ImA,{v} = ^ReD<^{y,y). (4.46) 

To investigate the causality property (4.40), one should show that the commutator 

(4.47) 

for x0y vanishes. Then one obtains conditions on the one-loop ehective action such that 


6p(y\v) 

< >= 0 . 
dv{x) 


(4.48) 
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Then properties (4.47) and (4.48) imply the Bogoliubov causality property. 
1. It follows from the explicit calculation that 

= J^)[^v{z),p{:y\v)] - [j^)^.{z),p{:y\v)] 
= - Dl^\z,x)[p^{x),p{y\v)] = 

x)Dl^\x, y)(py{y). 


Property 


‘-^^ = -Dl“{z,x)Dl“{x,y), xZv 


implies eq. (4.47). 

2. Property (4.48) is taken according to (4.34) to the form: 




6v{x] 


< p{y\v) >= i{< p{x\v)p{y\v) > - < p{x\v) >< p{y\v) >), 


or 


svMsl) = i <: ■■ ^l^y) ■>= 


x^y. 


Sv{x)Sv{y) 

Since the propagator is symmetric under transpositions of the arguments, the property , 

X ^ y. (4.49) 


=lmx,y)r, 


6v{x)6v{y) 2i 

is satished as x^y and y^x; the case x = y is not involved to formula (4.49). 

Thus, all the axioms of the semiclassical field theory are checked in the leading order of 
perturbation theory. It is shown that the one-loop effective action allows is to reconstruct 
the operator Wq{v}, relations (4.37), (4.46) and (4.49) for the effective action are obtained. 
These relations shows that the effective action cannot be chosen to be arbitrary. A one-loop 
contribution Ai is dehned up to a local functional. 

Note that formally 


then 


Ai{v} = -lndet{l + D^v); 

Mi{n} i 
5v{y) 


(4.50) 


(4.51) 


and all realtions are satished. Formula (4.50) is in agreement with resummation of Feynman 
graphs method. Namely, the S-matrix in the external scalar held v{x) can be presented as 

Wq{v} = 
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and vacuum average of this operator is expressed via determinant (4.50). 

However, definition (4.50) is formal due to divergences. Relations (4.37), (4.46) and (4.49) 
may be viewed as a definition of the renormalized determinant of operator. 

Formula (4.51) may be viewed as an additional condition for propagator at coinciding ar¬ 
guments: 

= ( 4 . 52 ) 

Relation (4.49) is used for dehnition of square of distribution D'^{x,y) ai x = y: 




5‘^Ai{v} 

6v{x)Sv{y) 


4.7 Generalization to multicomponent fields 

Consider the multicomponent helds <hc = ($),,..., d’c)- 

Let /[*hc] be classical action, /o[*hc] be action of the free theory, be operator with the 


kernel 


S^I 




, Kq be operator with the kernel 




5^i(x)5^i(y) 


, K' = K-K,, ^{x\^,) = 




Eq.(4.6) and boundary condition for the held (p{x\^c) will be written as 


{K^ + K')^{x\^,)=Q, 

(p(x\^c) ^ ‘Po(x)y X^supp^c 


( 4 . 53 ) 


where (po(x) is a free held. 

Denote by the retarded Green function for eq.(4.53). It satishes the relation 

= 5^^5{x - y) (4.54) 

and the retarded boundary condition |/|<Fc) = 0 as x^y. Then the function 

will satisfy eq.(4.54) with advanced boundary condition, so that D“'^^(a;,|/|<hc) will call as an 
advanced Green function. 

The commutation relations of the helds are written as 

[ip\x\^,),^^{y\^,)] = -D^^{x,y\^,), (4.55) 

% 
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Analogously to (4.16), (4.18), the solution of eq. (4.53) can be expressed via the asymptotic 
in- and out-helds as follows: 


0=(l- = (1 + V*n, 

= (1 - D^^-K')ipout = (1 + 


(4.56) 


where Hq®* and are advanced and retarded Green functions of the free held. 

The operator lTo[‘hc] is specihed from the relation: 

0in{,x)Wo[^c] = Wo[^c]0out{.x) (4.57) 

up to a multiplier. It is hxed by a vacuum average: 

< 0|ITo[<hc]|0 >= (4.58) 

Conditions of Poincare invariance, unitarity and causality gives us restrictions on the one-loop 
effective action Ai[<l>c]. 

Formulas of calculus of normal symbols can be generalized to multicomponent case as fol¬ 
lows. 

Let be causal Green function (propagator) of eq. (4.54). It contains positive-frequency 
componants at — cx) and negative-frequency components at -|-cx). Then generalizations of eqs. 
(4.24) and (4.25) have the form: 


^ = (1 + + 01.) = (1 + D‘K')-‘(07n + 01,)- 

One also has: 

D'^ = D^^{1 + K'D^)-\ 

Formulas of taking operators to the normal form are: 

< (^i(a;|$c)(^j(l/|$c) >= D- = 

< Tipi{x\^^)0j{y\^c) >= ^D^j{x,y\^c), 

(: ^i{x\^c)^j{y\^c) :)+ =: ^i{x\^c)^j{y\^c) ■ +\^ij{x,y\^c), 

^ _ j^c _j_ jjc* _ j^ret _ jjadv 


Consider the current operator: 




1 

i 




<^1^0 [4>e] 
5<l>J,(a;) ■ 


(4.59) 
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Then the properties of unitarity and causality of the operator lTo[‘hc] will have the form anaf 
ogous to (4.39) and (4.40): 


< Obo(l/|^')|0 >= (< 0|j(,(|/|n)|0 >)*, 
— n 


Variate the relation (4.57) and make use of eq.(4.56). Analogously to eq.(4.43), we obtain: 

j iQ{y\^c)5^'l{y)dy] =i J D^^{x,y\^c){SK'^y{y\^c)dy. (4.60) 

Property (4.60) specihes the operator jQ{y\^c) up to an additive constant. It is fixed by a 
one-loop effective action (4.58): 

I=-\ j dy : ^Hy\'!>c)(dd{'<p)'‘{v\ic) : +Mi[<l.J. (4.61) 

The Poincare covariance, unitarity and causality properties imply the following relations on the 
one-loop effective action: 


= lrr(4A"A), 

S'dxdy5Mx)^,£^^5,<S.(y) = ATr\SiK'D'-S2K'D% (4.62) 

suppdi^ < supp52^- 

Formally, the solution of eqs.(4.62) have the form: 

Ai [$e] = Undet[l + K'D^i ; (4.63) 

dehnition of the determinant requires renormalization. 


5 Semiclassical perturbation theory 

Investigate the axioms of semiclassical held theory C1-C5 within the perturbation framework. It 
is convenient to hx a representation. Otherwise, there will be a nonuniqueness for the operators 
V,, ^/.(x), $^(a;|J),lF[$,]. 



5.1 Asymptotic in-representation. Axioms of semiclassical S-matrix 

In quantum field theory, the asymptotic in-representation is often used. One supposes that at 
t —oo particles become free and Hilbert state space coincides with the Fock space of free 
particles. For such a case, Heisenberg held (ph{.x) tends as t ±cx) in a weak sense to the 
asymptotic free held; 


>—oo >+oo 

The S-matrix (denote it as S[0]) is an unitary transformation of asymptotic helds: 


(5.1) 


The operator 


S[$c] = S[0]iF[$J 


is an S-matrix in the external background. Write the axioms C1-C5, making use of the intro¬ 
duced notations. As — cx), formulas of the Poincare transformations take the form: 


Ug,g^ = Ug^Ug^, LLg-lMx)LLg = M^gX). (5.2) 

Since the asymptotic in-held is a free scalar held of the mass m, the operator U_g = Ug coincides 
with the Poincare transformation of the free theory. 

Properties of Poincare invariance, unitarity and causality are presented as: 

C/,E14J(7,-. = EK4J, (E14J)+ = (E[4J)-‘, 

= 0 , xly, 

where j{y\^c) is a current operator 

entering to the right-hand side of the Yang-Feldman equation (3.25) 

{dgd^ + H"($e(x)))($R(a;| - $,(a;)) = hj{x\^,). (5.5) 

As ±cx), semiclassical held $/j(a;| J$^) will satisfy the asymptotic boundary conditions: 

~x0^-oo Vh^o{x), . . 

—> + 00 W^[<!>,]^/h0out{x)W[^,] = S+[$e]v^(^o(a^)S[$c]. ^ ^ 
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The sollution of eq. (5.5) satisfying the first of conditions (5.6) can be expressed via the held 
ipv{x) and retarded Green function: 

- *^c(a:) = Vhifvix) + hj dyDl‘^\x,y)j{y\^c)- (5.7) 

If we use the second condition, the semiclassical held will be expressed via the advanced Green 
function: 

^r{x\J^J - d>,(a;) = S+[<h,]ITo[d>e]v^<^.(a;)ITo+[d>e]S[$e] 
+hJdyDf^{x,y)j{y\(l>c). 

Relations (5.7) and (5.8) imply the following identity: 

[(p^(a;),ITo^[<hc]S[<hc]] = / dyDv{x,y)W(l~[^c]^^c\j{y\^c)- 

Formula (5.9) can be viewed as a basis for the perturbation theory for S[$c]: 

E[d>e] = So[d>c] + v^Si[$,] + ... 

Namely, let the k — 1-th order of the perturbation theory is constructed. Then Sfc[$c] is dehned 
from the commutation relation (5.9) up to an operator of the form Cfc[<hc]IFo[‘^c ]5 with a c- 
number multiplier Ck- To hx it, introduce the following relation for the vacuum average of the 
scattering operator in the external held: 

< 0|iF[$c]|0 >=< 0|S[$e]|0 >= e^iM^c]+hA2l^.]+...)_ 

Let us call the quantity 

i4[<hc] = 7[‘hc] + + h‘^^2[^c\ + ••• 

as a semiclassical action of the theory. It dihers from the ehective action. All connected 
Feynman graphs are involved to it. If i4[<l>c] is given, the operator ^[$ 0 ] is uniquely dehned 
within the perturbation framework from eq. (5.9). Properties of Poincare invariance, unitarity 
and causality impose certain conditions on semiclassical action. Afc[$c] is dehned up to a real 
local Poincare invariant functional. 

Thus, we are coming to the following set of axioms of the S-matrix approach. 

51. Hilbert state spaee H is a Foek spaee for the free field, Poineare transformations coineide 
with free ease. 

52. To eaeh classieal field eonfiguration <hc(a^) with eompaet support one assigns S-matrix 
S[<hc] being a formal asymptotie series in y/h. It satisfies the Poineare invarianee, unitariry 
and eausality properties (5.3), as well as eommutation relation (5.9). 


(5.8) 

(5.9) 
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The retarded semiclassical field ^r{x\J) is specified from S[<hc] uniquely, so that there are 
no additional conditions on ^r{x\J). Properties C3 should be obtained from S2. 

Formula (5.7) specifies the classical retarded field as J ~ 0. Making use of the 

Bogoliubov causality condition, we extend the definition to all J. The properties of Hermitian 
conjugation, Poincare invariance and Bogoliubov causality for ^r{x\J), as well as commutation 
relation (3.9) can be checked. 

5.2 Perturbation theory 

Let us develop the perturbation theory for S-matrix in the external field (the first and the 
second order). Introduce the notation 

E[<h,] = IFo+[$jE[$e] = 1 + v^Ei[$c] + hE2[$c] + ... 

Then the current (5.4), with leading order of the form 

= h'''+14ddFM = V'"(iS>M)p{v\v), 

I o^c[y) 

will be expressed via the operator (5.11) as: 

j(y\<S>,) = + iE+WHH 

= + Vhji(y\9c} + ... 

Write the formulas for condtructing the perturbation theory: 

[(,3„(a;),S[<l>c]] = \/hJ dyD^{x,y)t.[^c]j{y\^c)-, 

< S[<hc] >= 


(5.11) 


(5.12) 


(5.13) 


5.2.1 First order 


In the first order, relations (5.13) take the form 

[^,3^,(a;),Sl[<l>c]] = Vh J dyD^{x,y)t[^c]V'"{^c{y))p{y\v). 
< Si[<I>c] >= 0. 


(5.14) 


To solve these equations, it is convenient to introduce the following notations. For the T-square, 
set 


iT0l{y))R = -2p{y\v) =: 0l{y) : +-{D^^{y,y))R. 

i 


(5.15) 
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The operator Si[<l>c] is rewritten as 

SiW = -y (5.16) 

Eq.(5.14) implies the following relation: 

[0v{,x), {T^l{y))R] = -^iDyx,y){Tipl{y))R, < {T^l{y))R >= 0, (5.17) 

The quantity (Tipl{y))R is uniquely dehned. 

iT0l{y))R =: ifliy) : +-{Dl{y,y))R^yy). (5.18) 

i 

The Poincare invariance and unitarity properties are taken to the form: 

V,iJ(pl{:m,y))RU;' = = (T(jf’M)R- ( 5 . 19 ) 


To check these properties, it is sufficient to notice that differences {Tipliy))'^ — (T(pl{y))R and 
Ug(Tipl{wgy)) rU~^ — (T(pl^^yy))R commute with (pv{x) and have zero matrix elements < ... >. 

Investigate the causality condition. The current operator in the first order of perturbation 
theory has the form: 

i.(!/|4'.) = -ir''''>(4o(!/))(r^;(!/))i!- 
I / dzV’"{i,(y))V"'{iAz)) (s4y(r^;(^))H “ lliTvl(y))R, (r^2(2))Hl) 

This operator satishes the causality condition if (Tipl{y))R depends on v{y) at the preseeding 
time moments anf the expression j;^(Tipl{z))R - y(Tipl{y))R, {Ti^I{z))r\ vanishes for z^y. 
Represent these properties as 

^iTipl{y))R = 0, xly, 

^iT(fl{y))R = i[{T(fl{x))R, {Tipl{y))R], x^y. 

These properties are checked analogously. 

5.2.2 The second order 

Write down eqs.(5.13) for S 2 : 

[(^„(a;),S 2 [<hc]] = J dyDyx,y){ji{y\<l>c) + Si[<I>c]jo(l/|$c)); 

<S2[«l>e]>=*7l2[$e]. ^ ^ ^ 
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Use the explicit forms of jo(l/|‘hc)), ji{y\^c), Si[<hc] and take eq.(5.20) to the form; 
^„(x),E2[4J] = -iIdyD^(x,y) 


-T-jdzv'''(<sM)v'''m^mTvi{ym^))R]. 


(5.21) 


We use the notation 
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{T(p^{y)<fv{z))R = {T(p^{y))R{T^l{z))R + 2ij^{T^l{z))R. 


(5.22) 


The renormalized T-product (5.22) coinsides with (T(pl{y)) r(T( pl{z ))r as y^z, and with 
(T(pl{z))R(Tipl{y))R as z^y, so that notation (5.22) is reasonable. 

The solution of eq.(5.21) can be formally presented as 


S2[$c] = -i-JdyV(^^\<l>,{y)){T^tiy))R 
j-,Jdydzr''{MyW'''mz)){T0l{ymz))R. 


(5.23) 


New renormalized T-products entering to eq.(5.23) should satisfy the commutation relations: 

(5.24) 


[0v{x),{T0^{y))R] = ^D^{x,y){T(pl{y))R, 
[ipv{x), {T0l{y)^l{z))R] = 

-iDv{x,y){T(pl{y)^l{z))R + ^^D^{x,z){T^l{y)^l{z))R. 


The renormalized T-products are specihed from eq. (5.24) up to a c-number funcitons < ... >. 
They are related with two-loop semiclassical action: 

4l2[4>c] = -^JdyVdy){^,{y)) < {T^l{y))R > + 
j-J dydzV"\^,{y))V"\^,{z)) < {TiPl{y)ipl{z))R > . 


(5.24) , : 


{T^t{y))R =■■ <^t{y) : +Q\{Dl{y,y))R : ^l{y) : + < {T^l{y))R >, 
{T0l{y)^l{z))R =: 0l{y)0l{z) : +^^Dl{y,z) : ^l{y)^l{z) : 

+ \{DI{z,z))r : <pl{y)^^{z) : +\{Dl{y,y))R : (p^{y)^l{z) : 

+ ^Dl{y,z){Dl{y,y))R : ^l{z) : +^Dl{y, z){Dl{z, z))r : (f>l{y) : 
+H^v{y^y))R{Dl{z,z))R : (p^{y)^^{z) : +^{Dl{y,z))\ : (p^{y)^^{z) : 

+ < iT^l{ymz))R > . 
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Investigate the corollaries of properties of Poincare invariance, unitarity and causality. The 
Poincare invariance and unitarity property imply analogously to (5.19) that 


U,{T0l{w,y))RU;^ = {T0 XM)r. iT0l{y)Y^ = (T(pl{y))R- 
Ug{T0l{wgy)0l{wgz))RU-^ = {T 0l^^{y) R, 


The causality property leads to the following relations on {T(p^{]j))r. 

‘ iT(pUy))R = 0, x>y. 


5v{x) 


mi{ymz))R. 


^{T^^{y))R = |[(T(p^(a;))ij, (T(p„(|/))ij], x^y. 


{T0l{ymz))R = {T0l{y))R{T0l{z))R, y>z, 
si^iTipl{y)(pl{z))R = 0, x>y x^z, 


Sv{x) 


{T(fl{y)(fl{z))R= ^[{Tifl{x))R,{Tipl{y)ipl{z))R], x<y x^z. 


(5.25) 


(5.26) 


(5.27) 


It follows from eq. (5.24) that commutators between left-hand and right-hand sides of relations 
(5.25), (5.26) and (5.27) with field (pviO coincide; it is sufficient then to check the equalities 
for matrix elements <...>. If we set 


<(T^t(y)h >= 3 (i((CS(!/.^/))H)^ 

< >= iWiv, Z))% + UOHv, y))R{DUz, x))RDl(y, z) 


the properties of Poincare invariance, unitarity and causality will be rewritten as: 


{Dl{y,z))% = {Dl{y,z)f, y ^ z, 
lDl{wgy,Wgz))\ = {Dl{y,z))\, 

^{Dl{y, z))% = -3{D^{y, z))\Dl{x, y)Dl{x, z), 
2iIm{D^{y,z))%= {D-{y, z)f + {D-{z,y)f 
-3{D^{y, z))j^A^{x, y) + 3(T>);(|/, ^))*(A4a;, y)f - {A^{x, y)) 
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Therefore, semiclassical methods in the axiomatic held theory allows us to construct the renor¬ 
malized perturbation theory for the S-matrix. The obtained results is in agreement with La- 
grangian (Hamiltonian) held theory, since 


S[<l>c] = Texp i—i dx 


^V'"(<S>,(xM{x) + ^V‘-’''\<S>,(xM(x) + 
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6 On semiclassical scalar electrodynamics 

Let us generalize the obtained results to the gauge theories. Start from quantum electrody¬ 
namics. 

6.1 Scalar electrodynamics and its quatization 

Consider the scalar electrodynamics, the model of held theory, which consists of vector (electro¬ 
magnetic) held An{x) interacting with the complex scalar held. The Lagrangian of the theory 
has the form: 

C = D^9*D^^9 - ^V{h9*9) - (6.1) 

here — i\/hA^ is a covariant derivative, F^y = d^Ay — dyA^, C is a potential of self¬ 

interaction of the scalar held. For the Hamiltonian theory, the momenta conjugated to helds 
A^, 9, 9* have the form; 


Ek — Fko, TTg — Dq 9, TTg — Dq9* . 

The momentum canonically conjugated to the held Aq is zero. Therefore, the considered system 
is a constrained system [26], the Hamiltonian density and constraints have the form; 

"F. = ^EkEk + \FijFij + TTgTTg + Di9*Di9 + ^V{h9*9), , , 

K = dkEk + i^/h{'Kl9-ne9*). 

To quantize the theory, one should substitute the helds and momenta by operators satisfying 
the canonical commutation relation. There are diherent approaches to take the constraints into 
account. 

For the Dirac approach, state is supposed to satisfy not only Schrodinger equation but 
also additional constrained condition: 


AxTd = 0. 

Since the constrained operators commute each other for this model, the Dirac condition does 
not contradict Schrodinger equation. 

The main difhcnlty of the Dirac approach is to introdnce an inner prodnct. To avoid it, one 
can introduce an additional gauge condition, for example dkA^ = 0 [2, 26, 27]. 

Another way to quantize constrained systems is to use the rehned algebraic quantization 
approach [28]. There are no additional conditions on state vectors instead, the inner 
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product of the theory is modihed: 

('I'a, = (d'A, n 

X 

Two state vectors are set to be equivalent if their difference is of zero norm. In particular, state 
of the form / (ix/5(x)AxT ~ 0 is equivalent to zero. 

State vectors and Ta are related to each other by the relation: 

Td = n'^(^x)'hA. 

X 

A manifestly covariant approach to quantize gauge helds is a BRST-BFV quantization ap¬ 
proach [29, 30, 31]. In this approach, additional degrees of freedom should be introduced. These 
are Lagrange multipliers and Faddeev-Popov ghosts and antighosts [2] and canonically conju¬ 
gated momenta. When the Abelian case is investigated, one can use the Lagrange multipliers 
Ao(x) and momenta i?o(x). This is a Gupta-Bleuler approach. If the functional Schrodinger 
representation is used, states are functionals of the helds A^(x), A°(x), 6'(x), 0*(x): 

^b = ^b[A^A^,0,0*], (6.3) 


while helds and momenta are operators 


>(x) = A/^(x), 0(x) = 0(x), 0*(x) = 0*(x), 




TTdlX = 


i (50* (x) ’ i (50(x) ■ 

An indehnite inner product may be presented via the functional integral of the form [32] 

(Tb, Tb)b = J DA’^DXDeDe*{^B[A^ -iX, 0, e*])*^B[A^, -iX, 9,9*]. (6.4) 

All functionals (6.3) form a space of virtual states, while physical states should obey the Gupta- 
Bleuler condition 

^ ^ ^ ^ (6.5) 


1 5 


i (5A°(x) A 
Two physical states with the diherence of the form 


A. 


Tb = 0. 


dxP{x) 
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+ 


i 5A°(x) A 


=A. 


Lb ~ 0. 


( 6 . 6 ) 


are set to be equivalent. ’’Zero” states (6.6) are orthogonal to all physical states. Note that 
Gupta-Bleuler condition and equivalence relation are invariant under evolution. 
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It follows from eq.(6.5) that 


the inner product (6.4) is taken to the form ('h^, Hx so that the Gupta-Bleuler ap¬ 
proach is equivalent to the algebraic quantization. 

When the ^-gauge is used, the following terms are added to the Hamiltonian density: 

nB = n + HoAx - 1^0 - EodkA^ (6.7) 

It follows from eqs.(6.5) and (6.6) that Hb'^b ~ 'E'^b, so that theories with Haniltonians H 
and Hb are equivalent. 

Starting from the Hamiltonian (6.7), one obtains the following Lagrangian: 

Cb = D^9*D^e - ^V{h9*9) - - ^{d^A>^)^. (6.8) 

An additional gauge-hxed term is added. Equations of motion for the model (6.7) (or (6.8)) 
are the following: 

D^D>^9 + V\h9*9)9 = 0, Eq = 

= i^/h{9*D^^9 - D^^9*9). 

This implies that Eq{x) is a scalar held satisfying the massless Kelin-Gordon equation: 

= 0, (6.9) 

the constraint A is related with the held Eq by the relation Eq = —A. Therefore, the quantum 
held Eq{x) can be expanded to positive- and negative-frequency components 

Eq{x) = E^{x) + Eq{x). 

The Gupta-Bleuler condition (6.5) is presented as 

.^((■(a;)^^ = 0. (6.10) 

6.2 Additional axioms for the semiclassical electrodynamics 

Let us investigate specihc features of semiclassical scalar electrosynamics. As semiclassical 
virtual states, we consider the vectors (2.4) and their superpositions (2.5). Let *h(x) = 
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(^^(x), 0(x), 0*(x)) be set of classical fields, n(x) = (£^^(x), ne(x), ng(x)) be canonically 
conjngated momenta. 

Not all semiclassical states are physical. Namely, the Gnpta-Bleuler condition (6.10) leads 
to the nontrivial relations for classical variables X and vector / G Xx- 
Analogously to (2.9) and (2.10), for the operator Eo{x) one can write 

VhEo{x)K^^f ~ K^^^{x\X)f. ^{x\X) = So{x\X) + VhSl,^\x\X) + ..., 

with c-number function £q{x\X). Physical states will satisfy the conditions: 

£o{x\X) = {), £o-(a;|X)/ = 0, (6.11) 

states of the form 

f = J dx/3{x)£j;{x\X)g ~ 0 (6.12) 

are equivalent to zero. Conditions £q{x\X) = 0 and £{){x\X) = 0 mean that 

£o = 0 , dk£k + *(n ;0 - ne0*) = o. ( 6 . 13 ) 

Write analogs of the properties (2.12), (2.23) and (2.27) for the semiclassical field £j^ (l|A'): 

es,(x\u,x)u,(u,x ^X) = u,(u,x ^ x)Uw,x\xy, 

= %,{x\X),xx[%l (6.14) 

£e(x\X2}V(X2 X- Xy) = V(X2 ^ Ai)£(,(x|Ai), A, ~ A'2. 

The relations (6.14) leads to the following important properties of semiclassical transformations: 

(a) semiclassical Poincare transformation Ug takes physical state to physical; semiclassical 
transformation U_g{ugX ^ X) conserves the condition for physical states and equivalence 
relation. 

(b) the operator ih-^ takes physical semiclassical states to physical and conserves 

the equivalence relation (this property means that for a-dependent physical state 

state is also physical); 

(c) the operator V_{X 2 ^ Xi) takes physical states to physical and conserves the equivalence 
property. 

In semiclassical mechanics of constrained systems [33], there are also equivalent states cor¬ 
responding to different held conhgurations. Consider the operator: 

(6.15) 
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with real functions 7 i^ 2 (x). It follows from ( 6 . 6 ) that each operator (6.15) takes a physical state 
to equivalent one. The classical conhguration is transformed as: 

0^0e*72^ He ^ 

Therefore, there is a gauge (physical) equivalence of classical states; for each pair of gauge 
equivalent classical states Xi ^phys X 2 an unitary operator ^ -^ 1 ) : ^Xi ^X 2 is 

specihed. It satisfies the relations analogous to (2.25), (2.26) (2.28). 

Therefore, the axioms of semiclassical held theory should be modihed for QED as follows. 

G1 (QED) A virtual semiclassical bundle is given, space of the bundle is interpreted as a 
set of virtual semiclassical states, base X = {X} is a set of virtual classical states, fibres Tx 
(indefinite inner product spaces) are spaces of quantum states in the external background. 

In axioms G2-G5, semiclassical bundle should be viewed as a virtual semiclassical bundle, 
held $ is a set (^ 4 ^, 0 ,©*), property ( 2 . 12 ) should be modihed for the vector held A^. 

In addition, one should postulate the properties of the held Tg. 

G6 (QED). An operator-valued distribution ^q[x\X) expanded in y/h is given. The leading 
order of expansion £q{x\X) is a c-number. The following condition is satisfied: 

dpd^£oix\X) = 0 (6.16) 

Properties (6.14) are obeyed. Elements X E X such that £o{x\X) = 0 forms a set of all 
classical physcial states Xphys. Elements of the space of the virtual semiclassical bundle such 
that X G Xphys and £fi{x\X)f = 0 are physical semiclassical states. Two physical states 
fi, f 2 G Xx are equivalent iff for some g G Xx the difference fi — f 2 has the form (6.12). The 
scalar square of physical semiclassical state {X,f) is nonzero; it vanishes / ~ 0. 

Take into account the property of gauge invariance. 

G7 (QED). A gauge equivalence relation is specified on Xphys. For each pair Xi ^phys X 2 
an unitary operator V_ph : IFxi —> F'x 2 taking physical states to physical, equivalent states to 
equivalent. The following relations are satisfied: 

- for Xi ~ X 2 , the properties and Vph{X 2 ^ Xi)^fy^V{X 2 ^ Xi) are satisfied; 

- for X^-^X 2 and X 2 ^~ X 3 , one has X 3 Vph{X, ^ ^ 

X2)Vph{X2 ^ Xi); 

- ^Ot Xlp~^X2, then UgXl^fyUgX2 Vph{UgX2 ^ UgXfiUg{UgX^ ^ Xfi ^fy^Ug{UgX2 ^ 
X2)Vph{X2 - Xi); 

- let Xfia)^f^X 2 {a), then ih£Vph{X 2 ^ Xfi^f^XphiX 2 - Xfiuxfi^] - 
^X2[^]Vpk{X2^Xfi. 


39 



6.3 Specific features of covariant formulation of semiclassical elec¬ 
trodynamics 

Let us discuss the axioms of covariant formulation of semiclassical electrodynamics. Let us 
construct an analog of the state (2.6): 

Xj/ ~ dx[Jfj,{x)A'^{x)+a{x)dl{x)+a* {x)ehix)+K{x)Eo^{x)]j _ ^j-SrjnhJ 

Here J = (a*, a, k) is a set of real functions, classical Schwinger sources. In addition to the 
sources and 6*, the source for the held Eq is introduced. 

Semiclassical retarded helds 


= {A^riQ.r-,&r-,£or) 

are introduced analogously to (3.2). Analogously to [23], we show that classical retarded held 
vanishes at — cx) and satisfy the system of equation 

- B-kV^^Bn) + J", 

POSE’S + v(e;,eH)eH = a, + {£»« = -k. 

Here the notations E^^r = dfj_AuR — d^A^R, = d^ — iA^ are used. Properties of semiclassical 

retarded helds (3.6), (3.7), (3.8), (3.9), (3.10) are generalized for electrodynamics; when the 
Poincare invariance property is written, one should take into account that Ar is a vector held. 

The operator W_j, functional Ij and equivalence relation J ~ 0 are dehned according to 
eq.(3.12) which is viewed in virtual sense. It happens that J ~ 0 ih the classical retarded held 
generated by J is zero at +cx). System (6.18) gives a one-to-one correspondence between held 
conhgurations <hc = (.4.(f, 0c, 0*,Toc) with compact support and sources equivalent to zero. 

Classical action is dehned from relation (3.17). It happens that it is presented as a sum of 
a gauge-invariant part and gauge-hxing term: 

/[<hc] = Iinv[A^, 0c, 0c] + Igfi^Oc, A'^], 
hnv = / dx[-\E^,.cEr + V^c0*cV^c0c - ^(0:0c)], (6.19) 

Igf = f dxl£:ocdf,A^ + fTo^c], 

with "D^c = dg — '>-Afj_c, = d^A’^ — d''A'^. The properties of the operator IP[<hc] are also 

generalized to electrodynamics. 

Thus, axioms C1-C5 are modihed as follows: JF is a space with indehnite inner product, 
Poincare invariance should be written for vector case. 


40 



Investigate now what additional conditions should be imposed in order to obtain properties 
G6 and G7. 

Relation (6.16) can be rewritten as 


> 


= 0, X suppJ. 


Glassical source J corresponds to the classical physical state iff 


> 


= 0, X suppJ. 


( 6 . 20 ) 


( 6 . 21 ) 


The Gupta-Bleuler condition can be rewritten as 


Sm{x\J)l = 0- 

Investigate now gauge equivalence of semiclassical states. Notice that the operators 
can be viewed as limit cases of the operator 

/ dxEQ{x)/S.K{x) 


( 6 . 22 ) 

(6.15) 

(6.23) 


The operator (6.23) takes physical states to equivalent. Therefore, the semiclassical states of 
the form 

Tj+AkJ ^Phys Tj^Ak 27^ SUppKi^2 > SUppJ 

are physically equivalent. Here J + A/t = ( a*,a,K + An). Note that classical retarded held 
generated by souces J + Aki and J + Ak 2 are gauge equivalent, since they coincide in the 
domain suppJ < x < sappA/ti 2 , while for the x > suppJ case the function An enters to the 
gauge condition only dfj,A^ = —An. 

We say that physical sources Ji and J 2 are gauge equivalent, Ji ^phys J 2 , iff any of the 
following properties is obeyed: 

- there exist sources A/ti 2 satisfying the conditions suppAKi ^2 > suppJi^ 2 , Ji + Aui ~ 
J 2 + Ak2', 

- there exist sources Ak,i ^2 J+ such that suppJ+ > suppAui ^2 > suppJi^ 2 , Ji + Ak,i + J+ ~ 0, 
J 2 + Ak2 + J+ ~ 0; 

- the retarded helds generated by the sources Ji and J 2 are gauge equivalent. 

We say that {Si, Ji) r^phys {S 2 , J 2 ) iff 

Si + I Ji+Aki+J+ = *S'2 + I J2+Ak2+J+- 

Since £iir{x\Ji) = To_R(a;|J 2 ) in the domain x > suppJi^ 2 , while Unv is gauge invariant, this 
dehnition does not depend on the particular choice A/ti 2 . 
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Set 


(6.24) 


^ Xi) = V{J2 + A«2 ^ Ji + A«i). 

If the property 

^r{x\J + Ak) = ^o^(a;|J), suppAn > suppJ, (6.25) 

is satisfied for any physical source J, the properties G7 will be satished. Namely, 

£oRix\J2)Vph{X2 ^ Xi) = Vph{X2 ^ Xi)Sor{x\Ji), X > suppJi^2- 

Therefore, the operator V_p^{X 2 ^ Ai) takes physical states to physical and conserves the 
equivalence property. 

Show that the dehnition (6.24) does not depend on particular choice of Aki^ 2 - Under small 
variations, one has: 

ih5Vpf,{X2 ^ Ai) = 

-Vph{X2 ^ Xi) J dx^R{x\Ji + Aki)SAki{x) 

+ J dxSQR{x\J2 + AK2)dAK2{x)Vph{X2 ^ Ai) 

= -Vph{X2 ^ X,) JdxSoR{x\Ji)6AR,{x) + JdxSoR{x\J2)SAR2{x)Vph{X2 ^ Ai) 

Therefore, SV_pf^{X 2 ^ Ai) is zero up to equivalence relation. Other properties G7 are also 
checked by a direct calculation. 

Notice that properties (6.20) and (6.25) can be reduced to the one equation 

dp,d^^Qji{x\J + Ar) = 0, X > suppJ, suppAn > suppJ. (6.26) 

Namely, relation (6.20) is a partial case of (6.26). Moreover, it follows from eqs. (6.26) and 
(6.20) that ^r{x\J) and Sqr{x\J + Ar) satisfy the same equation and coincide at suppJ < 
X < suppAR. Thus, we obtain property (6.25). 

Thus, in addition to properties G1-G5, the following axioms should be satished. 

C6 (QED). The retarded semiclassical field^ qr{x\J) satisfies the condition (6.26). Physical 
states satisfying the condition (6.22) has a nonnegative square of norm, which vanishes for the 
states 7 = fi>,,^ppjdx^R{x\J)fi{x)g only. 

Represent property (6.26) as a condition on the operator IU[<l>c]. In the domain x > suppJ, 
the held <hc(a^) = ^r{x\J + Ar) satishes the equations 


+ liPfQlQ, - QlVfQ,) = 0, VpJDfQ, + U'(0:0,)0, = 0. 

For functionals A[$c], introduce the following notations: 

■a.. SF 


^ I dvm^) {^Riy\J^.) - My)} 


(6.27) 

(6.28) 
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The operator Vx is related to the gauge transformation of the functional F: 


VxF = 0:e-*“]; 

da[x) 

if the functional F is gauge invariant then Vx-F = 0. 

Under notations (6.28), the Yang-Feldman relations (3.25) has the following form at the 
domain x > suppJ: 


SaF(1) 

= »/«■" JU. 


SR, 


-5ei(x) seux)- 

Making use of relations (6.29), we hnd: 

SVx/.n.-*fs0,(a;)-^ 
V t)0. uc, 


= ihW~^ 

sscix) sedx) ’ 


(6.29) 


-S0!(a;l 


SFr. 


(50f(a;) 


= ihfU+VxfU. 


Sliq 


= 0 and 


Take into account that the functional linv is gauge invariant and Vxhnv = 0; 

= 0 for the classical held at a; > suppJ. Therefore, the relation (6.26) means that the 
scattering matrix in the external held should be gauge invariant: 

VxlU = 0, (6.30) 

provided that classical equation of motion (6.27) are satished. 


6.4 On the leading order 

Fields and S-matrix ITo are constructed, making use of general formulas of subsection 4.7. 

For the free case, analogously to subsection 4.2 one obtains equations and commutation 
relations (4.4) for multicomponent free held (po^x) = (pin{x) = {Af^{x),9in{x),9*^{x), Eq'^^x)), 
with independent components. Field 9in is a complex scalar free held of the mass m. For 
electromagnetic held, we obtain: 


+ = 0, Mrn + W = 0, 

xd^d^ f dz{DQ^^{x — z)Dl^*'{z — y) — — z)Dq‘^'^{z 


Mni.x), E^o^iy)] = -\dq,Do{x - y), 


EF-(x] 


Ei"(y) 
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Here Dq is a commutation function for massless scalar field. Commutation relations takes the 
simplest form at .^ = 1; it is this gauge that is used usually in calculations. 

Semiclassical held Lp{x\^c) = {.-^^{.x),6{x),6*[x),Eq{x)) satishes the system (4.53). Write 
its explicit form for the case l/(0*0) = m‘^Q*Qc- 

^ ^ i(»*0, + V^Q*e - e*V^Q, - Qim) = 0, .g 2^. 

+ ^0 = 0, - *>I)^e0c = 0, 

where 

v^e = - iA^J- 

Components of current vector are 

iS = UiVgj =: W’W9 - iiweye + + ei"): +|^; 

n = iWig =: -iMWOY - (i^r): +||i. 

Properties of Poincare invariance, unitarity and causality lead to restrictions (4.62) on one- 
loop effective action. The gauge invariant property (6.30) leads to the following requirement. 
Hi[<hcl should be gauge invariant: 

V,A.H.J=0 (6.32) 

under conditions (6.27). 

The property of positive dehniteness of inner product in physical space is a corollary of 
general properties of indehnite inner product spaces. 

The further analysis of scalar electrodynamics is analogous to the case of scalar held. For 
each order of perturbation theory, one should additionally check property (6.30) which is related 
to the gauge invariance of classical action. 

7 Semiclassical integrals of motion and BRST-charge 

The quantizations considered above are applicable only to Abelian theories. A manifestly 
covariant approach to quantize nonablelian helds is BRST approach. 

7.1 On BRST-quantization 

In BRST-quantization, additional degrees of freedom are introduced to the theory. To each 
constraint A“ one assigns the Lagrange multiplier A“, canonically conjugated momentum 
and fermionic variables: ghost (7“ and antighost Ca and canonically conjugated momenta H^ 


44 



and n“. The operators Ca and 11^ are anti-Hermitian, others are Hermitian. The nontrivial 
commutation relations are: 

The main object of the theory is BRST-charge Q. If the constraints form a Lie algebra with 
structure constants 

[Aa,Ab] = -tr’’'^Ac, 

the BRST-charge has the following form: 

Q = C^K + - tnaXiA (7.1) 

It satishes the Hermitian and nilpotent conditions: 

Q+ = Q, <0^ = 0. 

The ghost number operator is also introduced to the theory: 

N = WCa-T[aC\ 

It is the difference between number of ghosts and antighosts. It satishes the commutation 
relations: 

iv, [n, n“] = n“, 

\N, Ca] = -Ca, [fV, Ha] = -Ha, [N, Q] = Q. 

The following conditions are imposed for physical states: 

B = 0, N^! B = 0; (7.2) 

physical states of the form 

QYb--Q,NYb = -Yb, 

being orthogonal to physical subspace are set to be equivalent to zero. 

For the scalar electrodynamics, the BRST-quantization method is equivalent to the Gupta- 
Bleuler approach. Namely, for system with Hamiltonian and constraints (6.2) the BRST-charge 
has the form: 

Q = y (ix[C(x)Ax - ii7o(x)n(x)]. (7.3) 
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The operator [Q, K]+ being equivalent to zero is added to the Hamiltonian of the system. The 
operator K is chosen to be as follows: 

K = J dx[Ho(x)TT(x) - iC(x)(9fcH^(x) - ^^C(x)Eo(x)]. (7.4) 

Then the full Hamiltonian will take the form: 

Ub = 'H + AoA-^E l + A^dkEo + HH + C{-A)C, (7.5) 

An additional term with ghost helds is added. For the model under consideration, ghosts do 
not interact with other helds, they satisfy the equations: 

d^d^C{x) = 0, dfj_d>^C{x) = 0, 

[CW,C(!/)]^ = 0, [CW,C(!/)]_^ = 0, (7,6) 

C(i), c(j/)] ^ = -iDaix - y), 

while the BRST-cherge is taken to the form: 

Q = J da^[d,CEo - Cd^Eo]. (7.7) 

One supposes that ghosts are in vacuum; then condition (7.2) is taken to the form (6.10). 

Notice that BRST-approach allows us to construct a covariant fomulation of Abelian Higgs 
model with spontaneous symmetry breaking in ‘t Hooft gauge (cf. [34]). The ghosts interact 
with scalar held, so that they should be taken into account. 

The BRST-approach is applicable to non-Abelian theories as well [29]. 

To investigate semiclassical gauge transformations, we need some properties of integrals of 
motion. 

7.2 Noether integrals of motion 

Investigate properties of the Noether integrals of motion Q in semiclassical held theory. Com¬ 
mutation relations between Q and Kx may be written analogously to (2.9) as 

QK^xf = K'kQxf. (7.8) 

semiclassical charge is expanded in y/h: 

Q_x — Qx + y/hQx^ + ... 


46 



and coincide in the leading order with classical integral of motion Qx- 

Analogously to properties of the held operator ( 2 . 12 ), (2.23) and (2.27), one obtains the 
relations 


Q„ ^ A') = UJu,X ^ X)Q^, 




idXi 


' da^X 




-X2 


xp 


When the covariant formulation is used, the relations takes the form; 


(7.9) 


Q^,A=mr (7'10) 

(7,11) 

and 

here suppJ^ > suppJi^ 2 , Ji + J+ ~ 0, J 2 + J+ ~ 0. It follows from (7.11) that when one variates 
J ^ J + 5J the variation W ?, 7 , QjW ^ t ^ will vanish. This means that the third property 
(7.9) is a corollary of others. 

It happens that integrals of motion corresponding to symmetry transformations 

<h(a;) —<h(a;) + (5<h(a;|<h), 
have the following form [23] in the leading order: 

Qj = j dxJ{x)6<l>{x\<l>n{-\J)). (7.12) 


7.3 Properties of semiclassical BRST-charge 

Let us discuss specihc features of covariant formulation of gauge theories. First, introduce 
semiclassical fermionic helds: antighost C_{x\J) and ghost CIr{x\J). 

C6 (BRST). To each classical source J{x) with compact support one assigns operators of 
semiclassical fields of ghosts and antighosts C_p>{x\J) (Hermitian) andCfx\J) (anti-Hermitian) 
expanded in \/h. The field C_r{x\J) depends on J at proceeding time moments only; the following 
properties are satisfied: 

LLg-iC_R{x\Ugj)llg = ClR{WgX\j), lLg-lQ.{x\Ugj)llg = C_{WgX\j), 

= [±R{y\J),CR{x\J)], xly, (7.I3) 

^h^-§^ = [±R{y\J)Mx\J)]. 
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(7.14) 


The operator satisfies the following commutation relations: 


W[<l>4Cn{x\^W[^c\=Cn{x[J^fi, xlsupp<!>,, 

W[^c]Cix\0)W[^,] = Cix\J^J. 


Take into account the relations imposed on the BRST-charge and ghost number. 

C7 (BRST). To each classical source J{x) with compact support one assigns the operators 
of semiclassical BRST-charge Qj and ghost number N_j, expanded in \/h. They satisfies the 
property: 




= u^Q,, 

= Cn{x\J), \Nj,C{x\J) 



Q.P QjQj = ^^ 


[^R{y\J),Nj], 

= g,. 

■s£o(x|J). 


0 . 


(7.15) 


(7.16) 


Find an explicit form of the BRST-charge in the leading order of the expansion. Consider 
the scalar electrodynamics as an example. It follows from (7.7) that 

Qf = J da^iappelS - 

the integral is taken over any space-like surface at the domain x > suppJ. Making use of 
relations 

dpcp = 0, 

df,d>^SoR = - i{a*eR - Q*Ra), 

take BRST-charge to the form 

Qf = J dxirap^P + - e-„<T)4‘>]. ( 7 . 17 ) 

We see that formula (7.17) is analogous to relation (7.12) for Noether integral of motion, 
provided that <5$ is an inhnitesimal transformation with anticommuting variables 

SA^ = d^c‘'R\ 6Q = i0C'g\ 6Q* = (7.18) 

which is analogous to gauge transformation. Property (7.17) can be viewed as a basis for the 
semiclassical perturbation theory for BRST-charge. 
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Consider the conditions on the physical states. 

C8 (BRST) Physical states satisfying conditions Qjf = 0, N_jf = 0, have non-negative 
sguare of norm. (/, f)=0ifff = Qjg. 

Analogously to electrodynamics, introduce equivalence relation for sourses and semiclassical 
states. An analog of property (6.25) will have the following form. 

C9 (BRST). The operator of semiclassical BRST-charge obeys the condition 

^j+Ak ~ suppAn > suppJ. (7-19) 

7.4 Leading order of semiclassical expansion 

Investigate the properties of BRST-charge in the leading order of semiclassical expansion. Sup¬ 
pose that zero order of expansion for the BRST-charge, classical action, ghost and antighost 
helds Co{x) and Cq{x) as J = 0 is known. These are free helds. 

Denote <h^^(a;|J) = {A^^{x),Eq{x),9{x),9*{x)), c{x) =C^^\x\J). 

It follows from commutation relation (7.13) that the operators c{x) and c‘^^\x\J) commute 
with {A^^{x),Eq{x).,9{x).,9*{x)). 

It follows from the nilpotent property of the BRST-charge that the operators c{x) should 
anti-commute 

[c{.x),c{y)]+ = 0. 

Write down the commutation relation (7.15) in the second order of perturbation theory. For 
electrodynamics, one obtains: 

Making use of eq.(6.31), we hnd that 

+ iE, = 0 , 

therefore, the ghost held c{x) satishes the free equation 

dfj,d^c{x) = 0 . 

At a; < suppJ, held c{x) should coincide to the free held Co(a;); therefore, property c{x) = Co(a;) 
is valid for all x. 


i^(a;),Q®] =id>^c{x), [Eo{x),Qf\ =0, 


(7.20) 
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It follows from property (7.16) in the leading order that 


[co{x),C^^\y\J)] = -iDo{x-y). 


Then 


C“(9| J) = Co(!/), 


7 ( 1 ) 


since the operator {.y\J) should be linear combination of cq. 

It forllows from commutation relations (7.16) and (7.20) that 

= J (ix[c(x)Eo(x) - c(x).Eo(x)]. 

Properties (7.14) mean that the operator lP[<hc] should commute with ghost and antighosts. 
Higher orders are constructed analogously. 
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